Swimming microorganisms in biological complex fluids may be greatly influenced by heterogeneous media and microstructure with length scales comparable to the organisms. A fundamental effect of swimming in a heterogeneous rather than homogeneous medium is that variations in local environments lead to swimming velocity fluctuations. Here we examine long-range hydrodynamic contributions to these fluctuations using a Najafi-Golestanian swimmer near spherical and filamentous obstacles. We find that forces on microstructures determine changes in swimming speed. For macroscopically isotropic networks, we also show how the variance of the fluctuations in swimming speeds are related to density and orientational correlations in the medium.
I. INTRODUCTION
The locomotion of microorganisms such as bacteria and sperm that swim in the viscosity-dominated Stokes flow regime has received significant attention [1] and remains an active topic of research. Here, we focus on situations when microorganisms swim through complex biological environments. For instance, Helicobacter pylori swims through gastric mucus by changing the rheological properties of the mucus [2] , and mammalian sperm swim through mucus in the female reproductive tract [3, 4] . The effect of complex media on swimming has recently been actively investigated in experiments as well as modeling and theory [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , particularly for viscoelastic media [2, 3, 8, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
So far, most theoretical efforts have focused on constitutive models of complex fluids that incorporate nonNewtonian behavior through a homogeneous, continuum description [10, 17, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] 31, 34, 36] , and most experiments in synthetic media with controlled material properties have involved fluids [3, 8, 18, 27, 30, 32, 35] or gels [37] , which are homogeneous on the scale of swimming organisms since their micro-or nanostructural lengthscales are much smaller than the organisms. Due to this focus, even studies involving complex biomaterials are typically interpreted in terms of continuum phases of complex media [2] .
However, many biological environments, including the common examples of mucus above, are heterogeneous on the scale of microorganisms. For example, cervical mucus contains a network of glycoprotein fibers with diameters around 100 nm, and network pore sizes ranging from hundreds of nanometers to 25 μm [38, 39] , so that the features of the mucus microstructure have lengthscales comparable to sperm, which have ∼5-μm cell bodies and ∼40-μm flagella. In these situations, the complete effects of the microstructure cannot be captured using homogeneous, continuum models of the complex medium.
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† hfu@unr.edu A swimmer in an environment with comparably sized microstructural features has significantly richer physics than in a homogeneous medium. Fundamentally, the heterogeneiety means that the organism encounters different local environments as it traverses the medium. While a swimmer moving with a periodic stroke in a homogeneous medium has a constant stroke-averaged velocity, the same swimmer in a heterogeneous medium has a fluctuating swimming velocity. Thus, in the biologically relevant scenarios when media are heterogeneous on swimmer lengthscales, velocity fluctuations are a physically important quantity incapable of being addressed by previous homogeneous frameworks. Fluctuations can also arise from stochasticity in the propulsive machinery of microorganisms [40] (such as that seen in runand-tumble chemotaxis and flagellates [41] [42] [43] ), or transient adhesions to the medium [44] , but here we show that even in the absence of stochasticity, fluctuations can arise from long-range hydrodynamic interactions with heterogeneous microstructure.
A number of previous works have explicitly mentioned the role of heterogeneity in swimming. Chrispell et al. [45] considered how a swimming sheet is affected by another nearby sheet, while Fu et al. [46] pointed out that local details of interaction with heterogeneous microstructure affect the boundary conditions used in continuum representations of complex media. Ledesma-Aguilar and Yeomans [47] studied a finite swimmer within confining rigid and elastic tubes, and Leshansky [48] examined how an explicit representation of random heterogeneous obstacles can be modeled as a Brinkmann fluid. However, all of these focused on averaged properties such as average swimming speed and power rather than fluctuations in swimming properties. Fluctuations in swimming velocity due to heterogeneity have been reported in two systems. In a combined experimental and numerical investigation of Caenorhabditis elegans swimming in an array of ordered posts, Majmudar et al. [49] reported fluctuations in swimming speed due to temporal switching between different gaits induced by mechanical interactions with the ordered obstacles. For spirochetes in gelatin models of tissue, Harman et al. [44] found that fluctuations in swimming speed arise from temporal switching between different modes of locomotion corresponding to levels of adhesion to the gelatin substrate.
In contrast to focusing on the averaged quantities, which are accessible in continuum models, in this manuscript we focus on fluctuations in swimming velocities caused by heterogeneity. Rather than fluctuations arising from close-range interactions, we investigate how the long-range hydrodynamic interactions with an unordered microstructure contributes to fluctuations as a swimmer moves through different local environments, even as the gait of the swimmer is unaffected. By using a simplified model, we are able to directly connect the variance of the fluctuations to information about the structure of the medium.
II. SWIMMER MODEL
To capture the spatially dependent effects of heterogeneity, it is necessary to use a finite length swimmer. We use the simplest possible representations of microstructure, immobile spherical particles [48] , and immobile rigid rods. Although immobile microstructures ignore the effects of compliance, they are the simplest models that demonstrate how heterogeneous structure can hydrodynamically lead to fluctuations in swimming speed. How the results might be affected by compliance is addressed in the discussion.
For the work here we use the Najafi-Golestanian swimmer [50, 51] with spheres of radius d and prescribed distances L 1 between spheres 1 and 2 and L 3 between spheres 2 and 3 ( Fig. 1) given by L 1 = 10d + 2.5d cos(ωt) and
We start by examining the effect of a single spherical obstacle (also of radius d), which allows us to establish a physical interpretation of the interaction between the swimmer and heterogeneity. While the topology of this obstacle is different from that of a microstructural network, this simple representation illuminates important features of more realistic systems. To find the swimming speed of the swimmer, we treat the hydrodynamic interactions between the swimmer and obstacle spheres using the Stokeslet (S ij ) [50, 51] , which is appropriate when spheres remain separated by distances much larger than their radii.
Therefore, in all the work reported in this paper, we only consider configurations where the obstacle (or later, filaments) are further than 17.5d from the center of the swimmer. The 
where μ is the viscosity, S 
, where V C and C are the centroid velocity and the angular velocity of the swimmer, respectively, x α are the sphere positions relative to the centroid, and v α are the sphere velocities relative to the centroid induced by changes in L 1 (t) and L 3 (t).
The six unknown components of V C and C are the numerical solutions to the linear system obtained by applying the zero net force and torque conditions appropriate for the zero-Reynolds-number limit ( (1) and (2). Integrating these instantaneous velocities yields swimming trajectories, and the averages (denoted by a bar) reported here are obtained over two periods of swimmer deformations.
In Fig. 2 , we plot the change in the first component (in the direction aligned with the swimmer spheres) of the swimming velocity ( V 1 ) for a variety of obstacle positions corresponding to the cuts shown in Fig. 1 .
III. FORCES ON MICROSTRUCTURE DETERMINE THE CHANGE IN SWIMMING VELOCITY
by the obstacle on the fluid. If the swimming velocity in the absence of obstacles is V 0 , consider the change of swimming speed due to the presence of the obstacle, V = V C − V 0 . From Eq. (1), it can be seen that upon addition of an obstacle,
α v α changes due to either changes in the swimmer forces f α , or changes in the flow due to obstacle force f 4 . In the following, we argue that for a single obstacle the magnitude of velocity changes due to the latter dominate over changes due to the former. Let r be the displacement of x 4 from the swimmer centroid. Suppose L = 10d is the typical separation between swimmer spheres, ξ = 2.5d is the amplitude of sphere displacements,L = ξω = 2.5dω is the typical speed of prescribed swimmer sphere displacements, and the obstacle is a distance r L from the swimmer. We can estimate the magnitude of instantaneous swimmer forces as f α ∼ μdL. The average velocity induced by the swimmer at the obstacle is approximately α S 4α f α , and given by Eq. (2) of [52] , which finds that the time-averaged flow of a Najafi-Golestanian swimmer is quadrupolar rather than dipolar in nature. In terms of our variables, their equation yields that the induced velocity scales as Therefore, the change in swimming velocity should be dominated by the effect of the obstacle-induced flow,
We verify this relation in Fig. 2 (3) holds quite well. To scale these quantities by a quantity that does not vary as r is changed, we take the estimates above and replace r by L, leading to the velocity scale 2.
, an overestimate of the velocity changes. The relation breaks down when the obstacle approaches the swimmer within a distance comparable to the length of the swimmer, 20-25d.
Since the obstacle force provides a way to interpret the effect of heterogeneity on swimmers, it is helpful to have a way to understand the force. Equation (2) and the estimate that swimmer forces are (to leading order) unchanged by the presence of the obstacle mean that the obstacle force is approximately the pinning force resisting the Stokes drag on the obstacle in the flow v 0 of a free swimmer,
In (4) imply that it is the average, not instantaneous, velocity at the obstacle that determines the effect on swimming, likely because the swimmer does not move much during one period of its stroke. Finally, note that if the obstacle is interpreted as a section of the microstructure attached to other elements of the microstructure, Eq. (4) holds for sufficiently stiff microstructure.
To illustrate how Eqs. (3) and (4) explain why swimming speeds can increase or decrease depending on the position of the obstacle relative to the swimmer, in Fig. 3(a) we plot the change in the first component of the swimming velocity ( V 1 ) as a function of the position of the obstacle, and in Fig. 3(b) we plot the first component of the free swimming velocity (v 0,1 ). In both panels, the swimmer is centered at the origin, and we do not plot the region closest to the swimmer where the far-field approximation fails. Equations (3) and (4) imply that where v 0,1 is negative, the first component of the obstacle force is positive, and the obstacle-induced flow V 1 is positive, and vice versa. Thus, the positive (negative) sectors of Fig. 3(a) correlate with the negative (positive) sectors of Fig. 3(b) , providing a heuristic picture of the locations where an obstacle will speed up or slow down the swimmer based on the swimmer's velocity field in the absence of obstacles.
IV. INTERACTION WITH FILAMENTS
Consider the effect of many obstacles representing an entire microstructure. For the swimmer in a sparse microstructure, the effect on the swimming velocity can be obtained by adding up contributions like Eq. (3) for each obstacle: the sum over volume converges since in Eq. (4) the quadrupolar v 0 decays as 1/r 3 and the Stokeslet decays as 1/r. This convergence also implies that for sparse enough obstacles, the velocity field at one obstacle is not altered much from the free velocity field, and thus the approximation made in Eq. (4) is self-consistent. In the discussion we address the effect of denser microstructure or dipolar swimmers.
The above provides a physical way to interpret the interaction between swimmers and sparse pointlike heterogeneities. However, microorganisms often encounter filamentous networks, such as in mucus, which correspond to a (linearly) dense system of pointlike obstacles. Does the physical interpretation of Eqs. (3) and (4) apply to filaments? To address this, we study the interaction between the simple swimmer and cylindrical rod-shaped filaments. To describe flows around these slender filaments, we use Higdon's slender-body theory [53] 
where the G ab ij is the flow velocity at x a in the ith direction due to a segment at x b with force in the j th direction. [See Appendix for details on slender-body theory (SBT).] As before, Eq. (6) expresses approximate no-slip boundary conditions for the spheres and filament, and by applying the zero net force and torque conditions, Eqs. (5) and (6) can be solved for the forces and velocities, including the swimmer velocity.
Investigating the interaction between a swimmer and a single rod shows that the physical interpretation deduced from spherical obstacles applies to filaments, with a slight modification. Far enough from each segment the segment's flow contribution is dominated by its Stokeslet contributions. As in the case of spherical obstacles, the change in swimming velocity results from advection in the flow caused by the forces on the rod. We verify this by calculating the swimming velocity for a range of rod-swimmer configurations with a rod of length 125d perpendicular to the swimmer plane and its center varying in position along the cuts shown in Fig. 1 . Figure 4 shows that the change in velocity relative to the free swimmer ( V 1 ) compares well to the advecting Stokeslet contribution summed over all rod elements, Thus, the change in swimming velocity due to a filament is qualitatively related to f a , the numerically obtained force on each element. Figure 4 also shows that an estimate of f a can be obtained using resistive force theory [54] (see Appendix for details), which gives
wheren is the unit vector tangent to the segment a of the filament. Note that as in the case of spherical obstacles, it is the average rather than instantaneous velocity that determines the change in average swimming speed.
V. INTERACTION WITH FILAMENTOUS NETWORKS
Finally, consider the implications of the effect of rods on swimmers for a network of many filaments. Based on the interaction with rods, the total change in the swimming velocity V t is the sum of contributions of advective flows from all filaments, V t = d 3 x Sf(x)n(x), where n(x) = a δ 3 (x − x a ) is the density function for the microstructural filaments. Hence, using resistive force theory the change in velocity can be written
where the first term in the brackets only depends on the density, and the second term in the brackets depends on the orientational order parameter of the filament, Q =nn − I/3. Now consider a swimmer in a macroscopically homogeneous and isotropic system moving over a trajectory long enough to average over heterogeneity, or a population large enough to average over heterogeneity. Denoting this trajectory or population average by · , n(x) = ρ, a constant, and Q = 0, so the average change in velocity only depends on the density: However, if we consider the variance in the change in swimming velocity it can be written in terms of two functions that only depend on the properties of the free swimmer,
Thus, the density and orientational correlations in the microstructure leave signatures in the velocity fluctuations of swimming microorganisms that are not accessible through continuum approaches. We finish with an example of how variance of the swimming velocity reflects microstructural correlations. First consider a cubic mesh of straight rods with radius d f = d/40 and mesh size ξ , averaged over mesh orientations and positions to represent a macroscopically isotropic medium. Since the density depends on mesh size, we compare it to a field of random spherical obstacles with density equal to the segment density for each mesh size. For each case, we calculate V t and V t · V t through correlation functions as in Eqs. (9) and (10) . Since this letter focuses on the long-range hydrodynamic contributions to velocity changes, we impose a short-range cutoff in these calculations, ignoring any obstacles or segments closer than 25d to the swimmer; this is consistent with the range of validity of Eq. (3). As expected, V t is the same for both cases. For the random case, the variance can be calculated explicitly as ρ( Figure 5 shows that V t · V t as a function of mesh size is nonzero, in contrast to homogeneous media. Furthermore, the mesh has more fluctuations than random obstacles, primarily due to additional density-density correlations.
VI. DISCUSSION
Using a simple model, we have demonstrated how fluctuations in swimming velocities can arise from the interaction of swimmers with spatially varying microstructural heterogeneity, and that the forces on microstructure are physically related to changes in swimming velocities. Hydrodynamic interactions with the heterogeneities leads to variances in swimming velocities that depend on correlations in density and orientation, which reflect the structure of filamentous networks. Thus, observations of swimming fluctuations may provide a way to probe microstructural features. These fluctuations are inaccessible via homogeneous, continuum treatments of complex media.
We used the Najafi-Golestanian swimmer since its tractability eases the handling of hydrodynamic interactions with microstructure. Our analysis was also possible because the swimmer is a quadrupolar swimmer, hence the effects of many obstacles on the swimmer and each other remains bounded for sparse enough networks. Thus, the specific results [e.g., Eq. (10)] we obtained are only valid for quadrupolar swimmers in very sparse networks. However, for denser networks and more realistic dipolar swimmers (or asymmetric three-sphere swimmers), we expect that our physical point still holds: swimming through an environment with disordered spatial heterogeneity at swimmer lengthscales leads to fluctuations in swimming velocities. To see that this is plausible, consider hydrodynamic interactions in the limit of a dense network or for a dipolar swimmer. In that case, Leshansky [48] has shown that the long-range flows can be described as those in a damped Brinkmann fluid. However, even in such a medium, if the local environment varies, one could represent the situation as a background homogeneous Brinkmann fluid with local defects or variations near the swimmer. The local defects would again lead to fluctuations in swimming velocities, and there could be analogues to Eqs. (3) and (4) that involve the flow due to a point force in a Brinkmann fluid, and the drag on a sphere in a Brinkmann fluid, respectively. In the biologically relevant case of mucus, which could be neither extremely sparse nor extremely dense, due to the alteration in long-distance flows the precise relation between fluctuations, microstructure, and free-swimmer properties depend on nontrivial solutions where local variations in the medium mean that neither Newtonian nor Brinkmann solutions are valid near the swimmer. Nonetheless we expect that heterogeneity leads to fluctuations, which reflect the structure of the medium.
In addition to hydrodynamic interactions, for denser networks close-range interactions (such as near-field hydrodynamics, mechanical contact, screened electrostatic, chemical bonding, or van der Waals interactions) become important if the swimmer frequently closely approaches microstructure. These contribute additional fluctuations in the swimming speed inaccessible within the scope of the current calculation. For example, the previously mentioned fluctuations in swimming velocities of spirochetes [44] and nematodes [49] originate in interactions dominated by chemical interactions and mechanical contact, respectively. Even in those cases the physical mechanism we elucidate still applies: if the swimmer encounters locally varying environments as it passes through the medium, they will lead to additional fluctuations in swimming speed that reflect the local variation.
Our work suggests a number of future directions. We ignored the role of compliance, even though many biological networks may deform in response to swimmers. For compliant networks, a relation like Eq. (3) would still hold, but due to the possibility of filament motion the force on obstacles would not be given by Eq. (4). In calculating the variance of fluctuations, we also assumed that the medium was macroscopically isotropic, but recent experiments suggest that it may be interesting to look at cases where the medium is anisotropic as well [55] . Last, we focused on changes in swimming speed in this manuscript, but rotations caused by interactions with heterogeneity could alter the persistence length of swimming trajectories, leading to enhanced diffusion or spreading. Note that since net displacements depend on the entire orientational history of the trajectory, infrequent close range encounters with obstacles would have a larger effect on persistence lengths than on the fluctuations in speed examined here. 
APPENDIX A: SLENDER-BODY THEORY
Around a slender object with circular cross section, the no-slip boundary conditions can be satisfied by a distribution of Stokeslets and dipoles along the centerline. Following Higdon's slender-body theory, the filament is discretized into straight segments of length 2q as shown in Fig. 6 for a filament of radius d f . The velocity at the point x L due to the singularities in the small interval (−q,q), which is centered at X L , is wheren is the unit tangent vector to the segment, f a is a force density assumed to be constant over this short interval, and f
where explicit expressions for G ij can be found in Higdon [53] . The accuracy of slender-body theory requires that the ratio between segment length and diameter (q/d f ) is small. 
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For interactions between rod-shaped filaments and swimmer, the rod is in a nonuniform background flow. Thus, to validate our approach, we compare our SBT results to a scenario of a rod in a spatially varying background flow that has an analytical solution. In this scenario, the background flow is sinusoidal and perpendicular to the rod (see Fig. 7 ), v z = U sin(Kx) sufficiently far from the rod, and the analytic solution can be found in Happel and Brenner [56] .
For example, in Fig. 8 we compare the z component of the velocity at positions along the z axis passing through the middle of the long rod for a specific case with fixed λ = 2π/K, U , and total rod length 40 λ. In Fig. 8(a) , the rod radius d f = 0.01λ and we vary the segment length 2q to show that as long as λ/q > 25, the numerical results are accurate (average percentage errors from analytic results are 27%, 2.94%, and 0.16% for λ/q = 10, 25, and 40, respectively). In Fig. 8(b) , we keep q = 25λ fixed and vary the rod radius d f to show that the numerical results are accurate as long as the segment length 2q is greater than 10d f (average percentage errors from analytic results are 17.9%, 2.94%, and 0.96% for 2q/d f = 6, 10, and 14, respectively). Through this comparison, we determine that the SBT results are accurate so long as λ/q > 25 and q/d f > 5. Physically, this means that the segments must be short compared to the wavelength in order to resolve spatial variations in the flow, yet still slender enough to apply Higdon's method. For the results presented in the main text, these conditions are satisfied if λ is taken to be the lengthscale of variation in the swimmer's free velocity field at the location of the rod.
APPENDIX B: RESISTIVE FORCE THEORY ESTIMATES THE FORCES ON RODS
For filaments, the force on each segment is not given by the Stokes drag as it is for spherical obstacles. Instead, the force f a on each segment is better expressed by resistive force theory, which has anisotropic local drag coefficients for parallel and perpendicular background flow, as in Eq. (7). In Eq. (7),n is tangent to the filament, ζ and ζ ⊥ are parallel and perpendicular drag coefficients, and v 0 (r) is the free velocity field due to the swimmer at the position of the filament.
To estimate the drag coefficients, we place single rods in different positions and orientations relative to the swimmer and compute the instantaneous force on each segment of the filament throughout a swimming stroke. Then we find values for ζ and ζ ⊥ , which provide the best fit (measured by the sum of squared residuals) for the entire set of position-and timedependent forces. The best-fit coefficients are ζ ⊥ = 1.77μ and ζ = 1.02μ. To see that these values are reasonable, we compare with the results of Gray and Hancock [57] , which state that
In these equations, if the lengthscale is chosen to be 100d, which is the approximate lengthscale of variations in the free swimmer field at the locations of the rods, then ζ GH ⊥ = 1.77μ and ζ GH = 1.03μ.
